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Abstract

Context:
Study of large kernelmatrices for concentrated data.

Motivation:
GAN data are close to real data [1].

GAN data are concentrated data by design.

Results:
Universality of spectral clustering w.r.t. the data distribution.

Real data behave similar to concentrated vectors.

RMT allows for the theoretical understanding ofMLmethods for real data.

Concentrated Vectors

Definition 1. Given a normed space (E, ‖ · ‖E) and q ∈ R, a random vector X ∈ E
is q-exponentially concentrated if for any 1-Lipschitz real function F , there exists

C, c > 0 s.t.

∀t > 0, P {|F(X) − EF(X)| ≥ t} ≤ C e−c tq denoted−−−−→ X ∈ O(e−·q) in (E, ‖ · ‖E)

(P1)X ∼ N (0, Ip) is 2-exponentially concentrated [2].
(P2) IfX ∈ O(e−·q) and G is `-Lipschitz, then G(X) ∈ O(e−(·/`)q).

Model & Assumptions

Datamatrix (distributed in k classes):

X =

x1, . . . , xn1︸ ︷︷ ︸
∈O(e−·q1)

, xn1+1, . . . , xn2︸ ︷︷ ︸
∈O(e−·q2)

, . . . , xn−nk+1, . . . , xn︸ ︷︷ ︸
∈O(e−·qk)


Model statistics:

(Means) m =
k∑

`=1

n`

n
m`, m̄` = m − m`

(Covariances) C =
k∑

`=1

n`

n
C`, C̄` = C − C`

(A1) Growth rate assumptions:

As p → ∞,

1. Data: p
n → c0 ∈ (0, ∞), n`

n → c` ∈ (0, 1)
2. Means: ‖m̄`‖ = O(1), E‖xi‖ = O(√p)
3. Covariances: ‖C̄`‖ = O(1), tr C̄` = O(√p), tr C̄aC̄b = O(√p)

(A2) Kernel function: Let f : R+ → R+ three-times continuously differentiable

function in τ ≡ 2
p tr C.

Kernel matrix:

K ≡
{

f

(
1
p
‖xi − xj‖2

)}n

i,j=1

Why Concentrated Vectors?
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Concentrated Vectors

Between andWithin Class Vectors are
``equidistant'' in High-dimension

Proposition 1. Denote τ ≡ 2
p tr C. Under (A1), with probability 1 − δ

max
1≤i 6=j≤n

{∣∣∣∣∣1p‖xi − xj‖2 − τ

∣∣∣∣∣
}

= O

log( n√
δ
)1/q

√
n



RandomMatrix Equivalent for K
Proposition 2. Under (A1) and (A2), Taylor expandingK entry-wise leads to

K ∝ JAJᵀ︸ ︷︷ ︸
Information

+ f ′(τ )ZᵀZ + ∗︸ ︷︷ ︸
Noise

, Z = (X − MJᵀ)/√
p

R1 K behaves as a spiked RMTmodel.

R2 The classification performance depends on f ′(τ ), f ′′(τ ),M, t andT.

R3 No other informative statistics⇒ universality of spectral clustering.

A is a low-rankmatrix depending only on f ′(τ ), f ′′(τ ),M, t andT, where

J = [j1, . . . , jk], M = [m̄1, . . . , m̄k], t =
{

trC̄`√
p

}k

`=1
, T =

{
trC̄aC̄b

p

}k

a,b=1

Application to GAN-Generated Images
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Perspectives

Prove a CLT under the concentration assumption.

Generalize to otherML tasks (Classification, Regression)

Apply to the dynamics of neural networks and GANs.
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