Neural Networks Classify through the Class-wise Means of their Representations
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Abstract Assumption on statistical model NOR in practice
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= Theoretically: Asymptotic analysis of the Softmax classifier suggests that . Y —
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= Empirically: The theoretical observation extends to the Softmax layer of w, satisfies the implicit equation o % 01, 02
feed-forward neural networks trained for classification tasks.
= Conseqguences for transfer learning: a simple initialization procedure of the Wy = Zgﬂj 11 fw}w@-)]Cj Zaﬂ] [foi(w]z;)m, Correlation between @, and 7
Softmax weights is proposed based on the theoretical findings. Wy my
where the notation E,[g(x;)] = Elg(x;) | x; € Cj] for some g : R — R.
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¢ Is implemented by a deep CNN model parameterized by ©. Near optlmal representatlons (NOR)

= @ is the activation function at the representation layer. Let e > 0, assume
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The final class prediction is given by a classifier function v : R? — R” as
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argmax yY(x) with ¢(x) = softmax(W 'x). « Cj=0}.I,+ 03, (1p1p _ Ip) with o2, = O (p=) and o3 ; = O(p~ ).
Suppose that the following statistics exist and well defined
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Notably, these conditions ensure (as p — oo) that the between-class means are
asymptotically orthogonal (maximize the between-class variance) and the within
class covariances asymptotically isotropic (independent features).
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(i) initialization procedure which accelerates the training of the Softmax layer
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where ay; and e > 0 are hyper-parameters, c(i) returns the class index of the
i-th datum and 9, ; stands for the Kronecker delta.
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The classical labels are recovered by setting a,; = 1 and € = 0. for some constant x> 0 and 7, (ZFl el Y a:z)]) —



