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Abstract

Softmax
Probabilities

RMT analysis of Softmax with high-dimensional concentrated inputs.

Softmax weights depend only on data means and covariances.

Asymptotic performance of Softmax derived based on first data moments.

Notion of Concentrated Vectors

Definition 1. X 3 x is q-exponentially concentrated if for all ϕ : X → R
1-Lipschitz, there exists C ≥ 0 independent of dim(X ) and σ > 0 such that,

∀t ≥ 0, P (|ϕ(x) − Eϕ(x)| > t) ≤ C e−(t/σ)q

,

denoted x ∝ Eq(σ) or x ∝ Eq if σ independent of dim(X ).
Examples:

x = µ + Σ1/2z ∈ Rp with z ∼ N (0, Ip) and ‖Σ‖ < ∞, then x ∝ E2.

If Z 3 z ∝ Eq and G : Z → X L-Lipschitz, then G(z) ∝ Eq(L).

Figure 1. Images generated by the BigGAN model [3].

Model

(M) Data matrix (distributed in k classes C1, C2, . . . , Ck):

Rp×n 3 X =

x1, . . . , xn1︸ ︷︷ ︸
∼L(µ1,Σ1)

, xn1+1, . . . , xn2︸ ︷︷ ︸
∼L(µ2,Σ2)

, . . . , xn−nk+1, . . . , xn︸ ︷︷ ︸
∼L(µk,Σk)

 ∝ E2

Model statistics: µ` = Exi∈C`
[xi], Σ` = Exi∈C`

[xix
ᵀ
i ] − µ`µ

ᵀ
` .

Softmax Classifier

Minimize:

L(w1, . . . , wk) = −1
n

n∑
i=1

k∑
`=1

yi` log pi` + 1
2

k∑
`=1

λ`‖w`‖2

pi` = exp(wᵀ
` xi)∑k

j=1 exp(wᵀ
j xi)

, W ≡ [wᵀ
1 , . . . , wᵀ

k ]ᵀ ∈ Rpk

Implicit Equation (scalar case for some f : R → R)

Rp 3 w = 1
n

n∑
i=1

f (wᵀxi)xi ⇒ w = Ψ(w) ≡ 1
n

Xf (Xᵀw)

Ψ is requested to be (1 − ε)-Lipschitz for some ε > 0 or equivalently

Aw =
{1

n
‖f ′‖∞‖XXᵀ‖ ≥ 1 − ε

}
has low probability.

Assumptions

(A) Growth rate assumptions: As p → ∞,

1. p/n → c ∈ (0, ∞) and |C`|/n → γ` ∈ (0, 1).
2. k fixed.

3. ‖µ`‖ = O(1) for each ` ∈ [k].
4. ∃ε > 0 independent of p, n s.t. 1

n‖f ′‖∞‖XXᵀ‖ ≤ 1 − 2ε.

Main Result

Evaluate µw = E[w] = 1
n

∑n
i=1 E[f (xᵀ

i w)xi] and Σw = E[wwᵀ] − µwµw
ᵀ

Under (M-A), P(Aw) ∝ e−n and w ∝ E2
(
n−1

2
)

| Aw, and there exists (δ, m, σ) ∈
(Rk)3 satisfying

z` ∼ N (m`, σ2
`); δ` = 1

n
Tr

(
Σ` (Ip − K)−1

)
;

µ̃ ≡
k∑

`=1
γ`E[g`(z`)]µ`; Σ̃ ≡

k∑
`=1

γ`E[g`(z`)2]Σ`; K ≡
k∑

`=1
γ`E[g′

`(z`)]Σ`;

R1 ≡ (Ip − K)−1 ; R2(M ) = M + KR2(M )K;

m` ≡ µ`
ᵀR1µ̃; σ2

` ≡ 1
n

Tr(Σ`R2(Σ̃)) + µ̃ᵀR1Σ`R1µ̃;

Furthermore,

‖µw − R1µ̃‖ ≤ O
(
n−1

2
)

, ‖Σw − 1
n

R2(Σ̃)‖∗ ≤ O
(
n−1

2
)

Key Observation: Only first and second order statistics matter!

Simulations

Conclusion

(El-Karoui+’13, Mai+’19) analyzed logistic regression under Gaussian data.

We generalized these ideas to a k-class mixture of concentrated data.

Universality: “Softmax treats input data as Gaussian random vectors“.

Optimality: Softmax is optimal for data with strongly discriminative

class-wise means as suggested by distance-based image classification

approaches (Mensink+’13).
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