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The Unexpected Deterministic and Universal Behavior of Large Softmax Classifiers @
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= RMT analysis of Softmax with high-dimensional concentrated inputs.

= Softmax weights depend only on data means and covariances.
= Asymptotic performance of Softmax derived based on first data moments.

Notion of Concentrated Vectors

Definition 1. X > x is g-exponentially concentrated if for all ¢
1-Lipschitz, there exists C' > 0 independent of dim(X’) and ¢ > 0 such that,

vt >0,

P(|p(x) — Ep(x)| > t) < Ce

denoted & «x &,(0) or ¢ < &, If o independent of dim(X).

Examples:

» x=p+ 3?2 e RPwith z ~ N(0,I,) and || 2| < oo, then = o &.
* IfZ32zx&,and G : Z — X L-Lipschitz, then G(z) o< £,(L).
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Figure 1. Images generated by the BigGAN model [3].

Model

(M) Data matrix (distributed in k classes Cy,C, ..., Cp):
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Model statistics:
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Softmax Classifier
Minimize:
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Pie = eXP(wMT) W =[w],... w]|T € R
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Implicit Equation (scalar case for some f: R — R)

R 3w = %zn:f(mei):ci = w=VY(w)= %Xf(XT’w)
i=1

VU is requested to be (1 — e)-Lipschitz for some € > 0 or equivalently

1 .
Aw = {—Hf’HOOHXXTH > 1 — 5} has low probability.
T

Assumptions

(A) Growth rate assumptions: As p — oo,

1. p/m—ce(0,00)and |Cs|/n — v € (0,1).
2.k fixed.
3. |lpe]] = O(1) for each £ € [k|.
4. Je > 0independent of p,n s.t. || f']|[| X XT|| <1 — 2e.
Main Result
Evaluate 11, = Elw] = + 30 E[f(x]w)z;] and 2, = E[lwwT] — T

Under (M-A), P(Ay) x e and w o« & (n_%) | A, and there exists (8, m, o) €
(R¥)? satisfying

1
Zp N(’ﬁlg, 0?)7 5£ — ETT (Eg (Ip — K)_l) :
k k k
f=> vEg(z)lpe =) vElg(z) )2 K =Y vE[g)(z0)]2s;
/=1 /=1 /=1

R =(I,-K)"'; Ry M)=M+ KRy, M)K:;

~

Tf(ZgRQ(Z)) + ﬂTRlzgRlﬂ,;

) 1
me = T Rafl; op =~

Furthermore,

= R <O (n), 5~ RS < O (n})

Key Observation: Only first and second order statistics matter!
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Simulations
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Accuracy: A1 = Ay = A3 = 30

A1 = 10, Ay = 20, A3 = 30
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Conclusion

= (El-Karoui+'13, Mai+’'19) analyzed logistic regression under Gaussian data.

= We generalized these ideas to a k-class mixture of concentrated data.

= Universality: “Softmax treats input data as Gaussian random vectors".

= Optimality: Softmax is optimal for data with strongly discriminative
class-wise means as suggested by distance-based image classification
approaches (Mensink+'13).
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