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Abstract

Random Matrix
Theory for Al: From
Theory to Practice

MEA. Seddik
Context:

> Study of standard ML classifiers
on real high-dimensional data.

Abstract

Motivation:
> RMT predicts performances
High-dimensional Data under Gaussian data model.
L1y, T € RP » BUT Real data are unlikely

. . close to Gaussian vectors.
Machine Learning

In this thesis, we highlighted:
» GAN data (~ Real data) are Concentrated vectors.

> Universality result:

Only first and second order statistics of Concentrated data
describe behavior of studied classifiers.
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Large Sample Covariance Matrices (MP’67) N

Theory for Al: From
Theory to Practice

> Let X = [x1,...,xn] € RPX" such that x; ~ N(0, I,,).
» Maximum likelihood suggests sample covariance as estimator for
population covariance (here C = I).

MEA. Seddik

n
A 1 1 a.s.
c=- E xix] = —XXT == 1,
n n
i=1 Large Sample Covariance
Matrices

consistent when n — oo with p fixed.
> When p ~ n, inconsistency occurs:

Cc-1 7L>0 as n,p—o0, — —ce€ (0,00
P
n

1 T :
08 I Empirical eigenvalues of %XXT | |

’ mmmmm Marchenko-Pastur Law (MP'67)
0.6 Population covariance spec.

Density

0.4

0.2

a2 S\ 2
Example of drawback: %||C||%_- = %tr(Cz) ~ %tr(C )—c¢ (%tr(C)) .
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Large Kernel Matrices (EIK’10, CBG’16)

Random Matrix
Theory for Al: From
+1L Theory to Practice

> Let x; = or +2z; with z; ~ N(O, lp). MEA. Seddik
—p

> Separability possible only if ||| > O(1) by Neyman-Pearson test.

» Implies (in worst case) non-trivial growth setting

1 a.s,
max {7||x,-—xj||2—2}2>0 as p— oo
1<iZi<n Lp

Large Kernel Matrices

irrespective of classes (C; or C2) of x; and xj.
» Taylor expanding Kjj = f (%Hx; — xJ-H2) yields (for j = [+1§ , flg])

= FLA] + F(ZTZ/p+ e(WiiT/p) ++ a5 £ o ce(0,00)

10) (710 Kernel Matrix (p=100) H 0 Kernel Matrix (p=500) H

1 largest cigen Second largest 1 largest cige Second largest

W™
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RMT Meets Machine Learning

Random Matrix
Theory for Al: From
( ~N Theory to Practice

RMT predicts performances of various ML methods: MEA. Seddik
P Kernel Spectral Clustering (Couillet+'16).

Least Squares Support Vectors Machines (Liao+'17).
Semi-supervised Learning (Mai+'17).

Random Shallow Neural Networks (Pennington+'17, Louart+'18).
Random Feature Maps (Liao+'18).

Learning Dynamics of Shallow Nets (Liao+'18). RMT Meets ML
Loss Surface Geometry of Deep nets (Choromanska+'15, Pennington+'17).
Learning with Dropout (Seddik+'20).

Analysis of Logistic Regression (ElKaroui+'13, Mai+'19).

VVyVvVVYyVYVYVYYVYYyY

Multi-task and Transfer Learning (Tiomoko+'20).

(. J

4 )
Mostly under Gaussian assumptions (for x; € Cy):
1

Xj = pg + Zgz; with  z; NN(O, Ip)

o
.# L=

Real data Gaussian data

= [L‘Z + 22%/‘,’,' with Zi ,’\“"(0, ]I')
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Main Contributions
From GMMs to Concentration through GANs
Some ML methods under Concentration
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From GMMs to Concentration through GANs
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From GMMs to
Concentration through
GANs

Contribution 1
GAN-data: Example of Concentrated Vectors

MEA. Seddik, C. Louart, M. Tamaazousti, R. Couillet, “Random
Matrix Theory Proves that Deep Learning Representations of
GAN-data Behave as Gaussian Mixtures”, |CML’'2020.
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From GMMs to Concentration through GANs

> Following R. Feynman’s quote:

[ “What | cannot create, | do not understand”

P Generative models provide examples of realistic data.

Random G
noise

@ = {Fake

z =

x = Training set / zl/ —L Discriminator

- Fake image = G(z)

min max () 108 PO + Bz i [log(1 = P(G(2)))]

Generated images = G(Gaussian) ‘
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From GMMs to Concentration through GANs
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From GMMs to
Concentration through
GANs

Figure: Images artificially generated with BigGAN (BDS’19).

Real Data ~ GAN Data = ®, o ®;_; o --- o ®1(Gaussian)
S —

g

where ®;'s correspond to standard NN operations.

= The ®;'s are Lipschitz maps. ‘
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From GMMs to Concentration through GANs

Definition (Concentrated Vectors)

Given a normed space (X, | - ||) and g > 0, a random vector x € X is
g-exponentially concentrated if for any 1-Lipschitz function ¢ : X — R, there
exist C,o > 0 such that

—(t/o)9 denoted

vVt > 0, P{|eo(x) — Ep(x)| >t} < Ce x x &g

If o independent of dim(X’), we denote .

Concentrated vectors enjoy:

(P1) If z~ N(0,1,) then z < &
“Gaussian vectors are concentrated vectors”

(P2) If zx & and G is a Ag-Lipschitz map, then G(z) x Eq(Ag)
“Concentrated vectors are stable through Lipschitz maps’

‘ = GAN data are concentrated vectors by design. ‘

Remark: Still, we need to control Ag.
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Control of \g with Spectral Normalization (SN)

MEA. Seddik

» SN stabilizes learning of GANs (BD+'19).

» SN makes neural nets robust against adversarial examples (SZ+'13,
AS+’17).

> Let o« > 0 and G a N-layers NN
» d;_1: input dim, d;: output dim of layer i
» Assimilate SGD to random walk (AS’18):

From GMMs to

Concentration through

W «— W — nE, with E,'JNN(O,].) GANs
W + W — max(0,01 (W) — ox) ur (W)vi(W)T (with SN)

6
, 5 || == Without N ‘ |
Ag bounded (SLTC'20), for ¢ > 0 | With SN 4
4 s Theoretical bound g — 2
3 o E—)
2
1

| | | |
0 200 400 600 800 1,000

N
Ag < H (E +/0o2+ 7]2didi—1)
i=1

Iterations
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Some ML methods under Concentration

T1,...,%, € RP

Contribution 2
Linear Classifiers: Behavior of Gram Matrices

MEA. Seddik, C. Louart, M. Tamaazousti, R. Couillet, “Random
Matrix Theory Proves that Deep Learning Representations of
GAN-data Behave as Gaussian Mixtures”, |CML'2020.
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Model & Assumptions

(A1) Data matrix (distributed in k classes C1,Co,...,Ck):

— xXn
X = | X1y ey Xnys Xng 4155 Xnpy e ooy Xn—pyt1s -+, Xn | € RP

oc€qy &g, xEq,

Model statistics: My = EX,'GC[ [X,‘]7 3= ]EX,'GC[ [X,‘X” — /J'Z”z
(A2) Growth rate assumptions: As p — oo,

1. p/n— c € (0,00).

2. k fixed.

3. |lpell = O(v/P).

'd A
Gram matrix and its resolvent:

G= EXTx, Q(z)=(G+zl,) !
p

m(z) = 2t (Q(—2)), UUT = — % Q(—2)dz

n 2mi |
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Notion of Deterministic Equivalent _
Random Matrix

Theory for Al: From
Theory to Practice

Definition (Deterministic Equivalent (Hachem+'07))

MEA. Seddik
- Abstract
. High Dimensionali
if for all a,b € R” and A € R"*" of bounded norms: e

e A@-0) %0, aT(@-Q)b 250
n

Main Contributions

Examples (Sample covariance matrix (Louart+'18))

Let k=1and C =31 + pip]

Behavior of Gram
[VET

R(z) = (%xxT +zlp> T R = (%"6 +zlp>_1 5= %tr(CR’(z))

For R(z) = (F + zl,)~*:

- il ) xixT _
R —ER = — E E|[R_; 17’ F|R
n 1+ 2x]R_ix;

fi=1l

Remark: 6 = 0 in the classical regime: n — oo with p fixed.

November 3, 2020 CEA List, CentraleSupélec, University of Paris-Saclay, France



Main Result: Universality of Linear Classifiers _
Random Matrix

Theory for Al: From
Theory to Practice

MEA. Seddik

Theorem (Resolvent of the Gram Matrix (- LTC’20))
Under Assumptions (A1-2), we have Q(z) €q(p7%). Furthermore,

Abstract

Outline

_ 1 1
Q(z) < Q(z) = —A(z) + —IQ(2)JT High Dimens
z pz Drawbacks
1 & _
with A(z) = diag{ H{;”(?) } and Q(z) = c/iag{,uITR(z)ug}f< :
@ S, =
: Main Contributions
k = =1
= 1 3+ pepy
R(z) = | — —F—— +zlp
(2) kz 1+0,(z) O
“= Behavior of Gram
Matrices
with §(z) = [61(2), .- ., 0k(z)] unique solution to:
1o 5+ pin] -
) o j j P
de(z) = tr | (e + pepy) m g TD(Z) + zl, for each ¢ € [k]
j=1
[ Key Observation: Only first and second order statistics matter! ]
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Application to CNN Representations of GAN Images

Random Matrix
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Generator MEA. Seddik

2~ N(0,1)

Real / Fake

Lipschitz operation

Representation Network

Behavior of Gram
[VET

% Concentrated Vectors

Lipschitz operation

» CNN representations — penultimate layer.
» Popular architectures: Resnet, VGG, Densenet.
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Application to CNN Representations of GAN Images

Random Matrix
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GAN Images

Behavior of Gram
[VET

Real Images

k = 3 classes, n = 3000 images.
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Application to CNN Representations of GAN Images
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resnet50 (p = 2048) vggl6 (p = 4096) et201 (p = 1920)
N GAN images W GAN images WS GAN images
- E Gaussian mixture | o Gaussian mixure | o Gaussian mixture
I & &
z z z
c < 3 &,
- ‘ 'Eigenvalues (A1) o " Eigenvalues (o N Iu "
g
v, ® )y ® e ) ® ) ® ) @
Yy} o) g®) g@®)ig®
resnet50 (p = 2048) vggl6 (p = 4096,
B Real images W Real images B Real images
T I Gaussian mixture = Gaussian mixture Gaussian mixture By 6 @
B w 3" Matrices
n = &
9 - S
o £
o an
: ' [lgenva‘\ues[,\‘ bl
©
(]
-4

~

Temvector T Tgenvector 2

Temvector 7 Tgervetor 7
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Performance of a linear SVM classifier (GAN data)

Random Matrix
Theory for Al: From
Theory to Practice

GAN Images MEA. Seddik

vggl6 (p = 4096) vggl9 (p = 4096) resnet18 (p = 512)

10 10 L0
> > >
8 8 8
508 508 508
I+ g S
< < <
S 06 S 06 S 06
> —Repres. (train) | —Repres. (train) | —Repres. (train)
504 ® G (train) 504 ®  GMM (rain) = 0.4 ®  GMM (train)
2 Repres. (test) 2 Repres. (test) 2 Repres. (test)
02 GMM (test) 02 GMM (test) ~ 02 GMM (test)

1 2 3 4 5 6 7 1 2 3 4 5 6 7 1 2 3 1 5 6 7
k k k
resnet50 (p = 2048) resnet101 (p = 2048) densenet161 (p = 2208)

2

Repres. (train)

e Repres. (train) —Repres. (train)

Linear SVM Accuracy
Linear SVM Accuracy
Linear SVM Accuracy

0.4 ® G (train) 0.4 @ GMM (ain) 04 @ GMM (trin)
Repres. (test) Repres. (test) Repres. (test) B o (em
02 GMM (test) 02 GMIM (test) 0.2 GMM (test) Miarees
1 2 3 1 5 6 7 1 2 3 1 5 6 7 1 2 3 4 5 6 7
k k k
densenet201 (p = 1920) alexnet (p = 4096) googlenet (p = 2048)
10 10 1.0
. N = Repres. (train) o
g g ® G (iain) g
§ﬂ s ] 08 Repres/(test) ] 08
< < GMM (test) <
S 06 =06 S 06
a Repres. (train) a a — Repres. (train)
504 ® G (1rain) 504 5 0.4 GMM (train)
g Repres. (test) 2 = Repres. (test)
02 GMM (test) 02 02 GMM (test)
1 2 3 4 5 6 7 1 2 3 4 5 6 7 1 2 3 1 5 6 7
k k k
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Performance of a linear SVM classifier (Real data)

&

Linear SVM Accuracy

Linear SVM Accuracy

0

Linear SYM Accuracy

vggl6 (p = 4096)

Real Images

vegl9 (p = 4096)

resnet18 (p = 512)

e Repres. (train) /—
®  GMM (uain)

0

> >
g g
Repres. (test) 208 208
GMM (sest) < <
S 06 S06
2 e Repres. (train) 2 Repres. (train)
5 0.4 ® Gl (train) %04 ®  GMM (train)
g Repres. (test) 2 Repres. (test)
02 GMM (test) 02 GMM (test)
1 2 3 4 5 6 7 2 3 4 5 6 7 1 2 3 4 5 6 7

resnet50 (p = 2048)

resnet101 (p = 2048)

densenet161 (p = 2208)

Repres, (train)

o o

Linear SVM Accuracy

w— Repres. (train)

Linear SVM Accuracy

Repres. (train)

®  GMM (train) 04 ®  GMM (train) 0.4 ®  GMM (train)
Repres. (test) Repres. (test) Repres. (test)
GMM (test) 0.2 GMM (test) 02 GMM (test)
12 3 4 5 6 7 2 3 4 5 6 7 1 2 3 4 5 6 7
k k k
densenet201 (p = 1920) alexnet (p = 4096) googlenet (p = 2048)
10
> >
808 K
s Sos8
g —Repres. (train) 8
<06 ®  GlM (train) =
s S 06
Repres. (wain) | 2 Repres. (test) | = —Repres. (train)
®  GMM (train) 0.4 GMM (test) =04 GMM (train)
Repres. (test) 2 2 Repres. (test)
GMM (test) 02 02 GMM (test)
12 3 4 5 6 7 2 3 4 5 6 7 1 2 3 4 5 6 7
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Some ML methods under Concentration

N ,Ag(;c,,,l:_,) =f (%”% - ‘”./”2)

T, .., Tn ERP

Contribution 3
Kernel Methods: Behavior of Kernel Matrices

MEA. Seddik, M. Tamaazousti, R. Couillet, “Kernel Random
Matrices of Large Concentrated Data: The Example of GAN-
generated Images”, ICASSP’2019.
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Model & Assumptions

Random Matrix
Theory for Al: From
Theory to Practice

(A1) Data matrix (distributed in k classes C1,Co,...,Ck): DR, G

— xXn
X = | X1,y Xnys Xng 4155 Xipy e ooy Xn—pyt1s -+, Xn | € RP

o(qu chqz 0<qu

Model statistics:  pp = Ex,cc,[xi], ¢ = Exec,[xix]] — pop]
=3 %pe, fe=p-p, D=3, %%, £ =3-%
(A2) Growth rate assumptions: As p — oo,
- (Data) p/n— c € (0,00), ng/n — co € (0,1), k fixed.
- (Means) [|fie]| = 0(1).
- (Covariances) ||X,|| = O(1), tr X, = O(/p)- Betaior of Keme

(A3) Kernel function: Let f : Ry — R 3-times differentiable at 7 = %tr 3.

1 n
{r(5mi-x12)}
P ij=1
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Main Result: Universality of Kernel Matrices

Random Matrix
Theory for Al: From

. Theory to Practice
We still have:

MEA. Seddik
Denote 7 = %tr 3. Under (A1-2), with probability 1 — § N
bstract
Outline
1 . 1 p ) 1/q
Zx: — x: |14 — =0 2| High Dimensionality
lgT;jxgn { ’ P ”X, g ” 4 } <P S (\/S Drawbacks ‘

irrespective of classes of x; and x;.

M = [fi1,. .., k] €ERPXK Z = X — MJT € RPX" and J = [j,,

i) € ROXK
Theorem (Random Matrix Equivalent for K (- TC’'19))

Main Contributions

Under (A1-3) Taylor expanding K entry-wise leads to

Matrices

K =, f(7)1,1] + /(1) (ZTZ/p + J@W}Llﬂ) + f”(T)J@{Ek}LlJT + *

i k
<I){M}5:1, @{2[}5:1 low-rank depending solely on {1, 3} ;.

» K behaves as spiked RMT model.
» Classification performance depends on f'(7), f''(7), {1, 2“;71.

> Universality: only first and second order statistics matter!
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Experiments: Spectrum of Kernel Matrices

GAN data
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Experiments: Spectral Clustering (k-means: GAN data)

GAN Images
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Experiments: Spectral Clustering (k-means: Real data)

Random Mat
Theory for Al: From

Theory to Practice

densenet161: 0.995 GMM: 0.993 densenet201: 0.991 GMM: 0.994 MEA. Seddik
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Some ML methods under Concentration
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Softmax

00000

:El:“wanRp

Contribution 4
Implicit Classifiers: The Softmax Classifier

Beyond Kernels to Neural
Networks

MEA. Seddik, C. Louart, R. Couillet, M. Tamaazousti, “The Unex-
pected Deterministic and Universal Behavior of Large Softmax
Classifiers”, (submitted to) AISTATS'2021.
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Model & Assumptions

Random Matrix
Theory for Al: From

(A1) Data matrix (distributed in k classes C1,Co,...,Ck): Theory to Practice
MEA. Seddik

Xn
X = X1y-voy Xnyy Xny41s -5 Xngy oo s Xn—np+15--+5Xn ERP

x<Eq; «<€q, xEq

Model statistics: My = EX,'EC[, [X,‘]7 3= EX,'EC( [X,'XIT] — [,Lg/l,}
(A2) Growth rate assumptions: As p — oo,
1. p/n— c € (0,00).
2. k fixed.
llpeell = O(1).

'd A
The Softmax classifier: Minimize:

Lwy,....w ﬁzzmlogpﬁ 2Z>\2HWZ||2

i=1 ¢=1

Beyond Kernels to Neural
Networks

pie = ——F——, W=[w],... w]]T €RH*
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Propagation of the Concentration to Softmax

Implicit equation

n
1
wa£:0 = )\@W@Z*;Z Yie —

i=1

exp(w, T x;)

k
ZJ:I exp(w;Tx;)

Equivalently (scalar case for some f : R — R)

n
1
w:;Zf(wa,-)x,-ERp =

i=1

Contractivity of W

W= W(w) = %Xf(XTw)

W is requested to be (1 — €)-Lipschitz for some € > 0 or equivalently

1
Ay = {7||f||oo||XXT|| >1- a} has low probability.
n

(A3) Je > 0 independent of p, n s.t. %||fHoo||XXT|| <1-—2e.

Theorem (Concentration of w (* LCT’20))

Under (A1-3), P(Aw) x e=" and w x &g (n’%
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Random Matrix
Theory for Al: From

Estimation of the Weights Statistics (SLCT’20)

Let Hw = ]E[W] — % Z?:l ]E[f(x;r W)X[] Theory to Practice
- N MEA. Seddik
Breaking the Weights-data Dependence
1. Leave-one-data-out: w_; = 1 X_;f(XT ,w_;)

2. Resolvent matrix: @_; = (I, — 1X_;DX" )" with D diagonal
3. Link w and w_;: x]w =~ x]w_; + %x;ro,,vx,-f(x;.rw)

4. Q_; < Q: so %XI.TQ,,-X,- — 6 = %tr(El;(_))

5. Hence: f(x]w) ~ f(x]w_;+ 0,f(x]w)) = gi(x]w_;)

. J

'a ~\
Stein’s Lemma
1. Gaussianity of z; = x]w_;
2. E[f (x]w)xi] = Elge(x] w—)xi] ~ E[g¢(z)]e + Elg)(zi)]Z ¢ pw R S
(& J Networks

Similarly with 3, = E[wwT] — pwpwT

= (bw,Zw) = w{wwzi}f—l(ﬂw’ Zw)

[ Universality: only first and second order statistics matter! ]
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Simulations with MNIST Generated Data

=

Accuracy: A1 = Ay = A3 =30 A1 =10, Ap =20, A3 = 30
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Experimental validation (GAN data)

Random Matrix
Theory for Al: From
Theory to Practice
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; e T
- Practical logits: w, x;
@
o
O
5 O Practical wy
o
@ + Theoretical wy
ol 0
S -
“ Beyond Kernels to Neural
m Networks
o
O
5 -0.2
0 200 400 -02 g (A
0.2 0.2

Weights Index i € [p]
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Experimental validation (Real data)

Class 1

Class 2

Class 3

Random Matrix
Theory for Al: From
Theory to Practice

MEA. Seddik

O Practical wy

+ Theoretical wy 0—0.1

—-0.1 ¢

0.1 0.1

Theoretical logits (Gaussian)
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0 200 400

Weights Index i € [p]
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Conclusions & Perspectives

r

.

Conclusions

» Concentrated Vectors are very likely appropriate for realistic data
modelling.

» RMT can anticipate performances of ML classifiers for Concentrated
Vectors . . .so for realistic data (so far GAN data).

» Universality of ML classifiers regardless of data distribution.

e

Perspectives
» Study of non-convex (e.g., deep neural nets) optimization problems.
Learning of two layers networks (Goldt+'20).
What statistics encoded by hidden layers?

» More to be explored with RMT: active and reinforcement learning,
generative models, graph-based methods (GNNs), ... etc.

> Generalize these ideas to other modalities (NLP?).
For NLP, with RNNs z¢ = RNN(z;—1, w;—1) with 2z ~ N(0,14)?
Word embeddings seem to concentrate (Couillet+'20).
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Thank you for your attention!

-
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